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ON DUAL TRANSFORM OF FRACTIONAL HANKEL TRANSFORM
ALLAL GHANMI
Dedicated to the memory of Professor Brahim Bouya
ABSTRACT. We deal with a class of one-parameter family of integral transforms of Bargmann
type arising as dual transforms of fractional Hankel transform. Their ranges are identified
to be special subspaces of weighted hyperholomorphic left Hilbert spaces, generalizing
the slice Bergman space of second kind. Their reproducing kernel is given by closed ex-
pression involving the ?-regularization of Gauss hypergeometric function. We also discuss
their basic properties such as their boundedness and we determinate their singular values.
Moreover, we describe their compactness and membership in p-Schatten classes.
1. INTRODUCTION
The fractional Hankel transform was introduced in [10] (see also [7]). It arises as funda-
mental tool in different areas of sciences, see e.g. [8, 6, 12, 2, 13]. A quaternionic analogue
has been investigated recently in [4]. It is realized there a` la Bargmann by means of the
hyperholomorphic second Bargmann transform [3]
[Aαsliceϕ](q) =
1
(1− q)α+1
∫ +∞
0
tα exp
(
t
1− q
)
ϕ(t)dt; α > −1, (1.1)
defined on L2,αH (R
+) := L2H(R
+, xαe−xdx), the right quaternionic Hilbert space of all H-
valued functions on the half real line R+ that are xαe−xdx-square integrable. Such trans-
form defines a unitary isometric transformation from L2,αH (R
+) onto the slice hyperholo-
morphic Bergman space A2,αslice := SR(B) ∩ L2,αH (BI), where L2,αH (BI) denotes the Hilbert
space of quaternionic-valued functions f on the unit ball B whose restrictions f |CI to
given slice CI = R+ IR, with I ∈ S = {q ∈ H; q2 = −1}, are square integrable with
respect to the Bergman measure dλαI (z) =
(
1− |z|2)α−1 dxdy; z = x + Iy, on the unit disc
BI := B ∩ CI , while, the space SR(B) is formed of all slice regular functions on B, i.e.,
those whose slice derivative
(∂I f )(x + Iy) :=
1
2
(
∂
∂x
+ I
∂
∂y
)
f |CI (x + yI)
vanishes identically for every I ∈ S.
In the present paper, we will consider the one–parameter (left) integral transforms Sαy ;
α > −1, defined on L2,αH (R+) as the dual transform at y ∈ (0,+∞) of the quaternionic
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2 ALLAL GHANMI
fractional Hankel transform Lαθ defined in [4]. More precisely, we deal with
Sαyϕ(q) :=
1
1− q
∫ ∞
0
exp
(
−x + θy
1− q
)
Iα
(
2
√
qxy
1− q
)
ϕ(x)dx, (1.2)
where Iα stands for the modified Bessel function [1, p. 222, (4.12.2)]
Iα(ξ) =
∞
∑
n=0
1
n!Γ(α+ n + 1)
(
ξ
2
)2n+α
.
The motivation of considering Sαy lies on the observation that the limiting case y = 0 gives
rise to the hyperholomorphic second Bargmann transform in (1.1). Accordingly, the study
of these new operators is required in order to generate hyperholomorphic-like Bergman
spaces.
Our first aim is to identify the null space and the range of Sαy for arbitrary y ≥ 0. We
show that the range of L2,αH (R
+) by the transform Sαy is contained in a reproducing kernel
weighted slice hyperholomorphic with suitable weight ω on the unit ball B, extending
A2,αslice. The description of S
α
y(L
2,α
H (R
+)) is given by Proposition 4.3 and makes appeal to
the zeros of the Laguerre polynomials. We also study their boundedness (Proposition
3.3) and compactness (Proposition 5.1). Moreover, we determine their singular values
(Proposition 5.3) and we discuss their membership in p-Schatten classes (Proposition 5.4).
Explicit illustration are given for a specific weight function ω = ωβ,η.
2. WEIGHTED HYPERHOLOMORPHIC LEFT BERGMAN HILBERT SPACES
In order to identify the range of the integral transform Sαy in (1.2) when acting on
L2,αH (R
+), we begin by examining a class of weighted hyperholomorphic left Bergman
Hilbert spaces for which we provide a closed expression of their reproducing kernel in
terms of a ?-regularization of Gauss hypergeometric function. Let ω be a given positive
measurable mapping on (0, 1) such that ω(t)dt be a finite measure. We extend ω to the
whole unit ballB ⊂H by taking ω˜(q) := ω(|q|2). We define the ω-hyperholomorphic left
Bergman Hilbert space A2,ωslice := SR(B) ∩ L2,ωH (BI) as the space of all slice left slice regu-
lar functions ϕ inB belonging to L2,ωH (BI) := L
2 (BI ,ω(|q|2)dxdy) and endowed with the
norm induced from the slice inner product on BI = B∩CI ,
〈 f , g〉ω =
∫
BI
f (x + Iy)g(x + Iy)ω(x2 + y2)dxdy.
More explicitly, the Hilbert space A2,ωslice consists of all convergent power series ϕ(q) =
∑∞n=0 q
ncn on B for which the quaternionic sequence (cn)n satisfies the growth condition
∞
∑
n=0
γn|cn|2 < ∞; γn :=
∫ 1
0
tnω(t)dt.
The specification of the weight function
ωβ,η(t) := tβ−1(1− t)η−1, η, β > 0,
ON DUAL TRANSFORM OF FRACTIONAL HANKEL TRANSFORM 3
gives rise to the weighted hyperholomorphic Hilbert space
A2,β,ηslice :=
{
ϕ(q) =
∞
∑
n=0
qncn;
∞
∑
n=0
γ
β,η
n |cn|2 < ∞
}
, (2.1)
where
γ
β,η
n :=
Γ(η)Γ(β+ n)
Γ(β+ η + n)
.
It should be mentioned here that the monomials en(q) = qn form an orthogonal basis of
A2,β,ηslice with square norm given by
‖en‖2β,η = piγβ,ηn .
Moreover, appealing to the continuity of the evaluation linear form and the quaternionic
version of Riesz representation theorem, we claim that A2,β,ηslice is a reproducing kernel
Hilbert space, whose kernel function is expressible in terms of the quaternionic Gauss
hypergeometric function (of first kind)
2F1∗
(
a, b
c
∣∣∣∣[p, q]) = ∞∑
k=0
(a)k(b)k
(c)k
pkqk
k!
(2.2)
for p, q ∈ B and reals a, b and c, where (a)k = a(a + 1) · · · (a + k − 1) with (a)0 = 1.
The series in (2.2) converges absolutely and uniformly on K× K′ for any compact subsets
K, K′ ⊂ B. The function 2F1∗ can be seen as the slice regularization of the classical Gauss
hypergeometric function with respect to star product fo slice functions, in order to get a
left slice regular function in p and a right slice one in q. Namely, we assert
Proposition 2.1. The reproducing kernel of A2,β,ηslice is given by
Kβ,η(p, q) =
Γ(β+ η)
piΓ(η)Γ(β)2
F1∗
(
1, η + β
β
∣∣∣∣[p, q]) . (2.3)
Proof. The explicit expression of Kβ,η(p, q) follows easily since
Kβ,η(p, q) =
1
pi
∞
∑
n=0
en(p)en(q)
γ
β,η
n
=
Γ(β+ η)
piΓ(η)Γ(β)
∞
∑
n=0
(β+ η)n
(β)n
en(p)en(q). (2.4)

Remark 2.2. For β = 1, the space A2,η,1slice is the one described in the introduction, A
2,η,1
slice = A
2,η
slice.
Moreover, the Kη,1(p, q) reduces further to the reproducing kernel of classical weighted Bergman
space A2,ηslice given by [3, Theorem 3.1]
Kη,1(p, q) =
η
pi
1F0∗
( −η − 1
−
∣∣∣∣[p, q])(1− 2<(q)p + |q|2p2)−η−1 . (2.5)
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The restriction of Kη,1 toBI coincides with the classical Bergman kernel Kη,1(z, w) = (η/pi)(1−
zw)−η−1; z, w ∈ BI .
3. BOUNDEDNESS OF THE DUAL TRANSFORMS Sαy
We begin by noticing that the transform Sαy satisfies Sαyϕ(pq) = Sαy ◦ Lαq(ϕ)(p) by means
of the semi-group property Lαp ◦ Lαq = Lαpq for the quaternionic fractional Hankel trans-
form, as well as the eigenvalue equation Sαy(ϕαn) = ϕαn(y)en since the normalized general-
ized Laguerre polynomials
ϕαn(x) =
(
n!
Γ(α+ n + 1)
)1/2
L(α)n (x) (3.1)
are solutions of Lαq(L(α)n ) = qnL(α)n . Moreover, the kernel function
Rαq(x, y) =
1
(1− q)√qxyα exp
(
−q(x + y)
1− q
)
Iα
(
2
√
qxy
1− q
)
, (3.2)
for the transform Sαy in (1.2), has the expansion series [10, 4],
Rαp(x, y) =
∞
∑
n=0
en(p)ϕαn(x)ϕ
α
n(y) (3.3)
which follows from the Hille–Hardy formula for the Laguerre polynomials [1, (6.2.25) p.
288]. Such kernel function satisfies the following reproducing property.
Proposition 3.1. Let Kβ,η(p, q) be as in (2.3). Then, for every y ∈ (0,+∞), we have
Rαq(x, y) =
∫
BI
Kβ,η(p, q)Rαp(x, y)ωβ,η(|p|2)dλI(p) (3.4)
and
Rα|q|2(y, y) =
∫
R+
|Rαq(x, y)|2xαe−xdx. (3.5)
Proof. Both (3.4) and (3.5) can be proved, at least formally, using the expansion series of
the involved kernels given by (2.4) and (3.3). 
Proposition 3.1 can be used to reprove the reproducing property satisfied by the func-
tions in the range of Sαy by means of the kernel Kβ,η. Indeed, by rewriting Sαy as Sαyϕ(q) =〈
Rαq(·, y), ϕ
〉
L2,α
H
(R+)
, inserting (3.4) and making use of Fubini theorem we obtain
Sαy(ϕ)(q) =
〈〈
Kα•(·, y), Kβ,η(•, q)
〉
A2,ωslice
, ϕ(·)
〉
L2,α
H
(R+)
=
〈
Kβ,η(•, q),
〈
Kα•(·, y), ϕ(·)
〉
L2,α
H
(R+)
〉
A2,ωslice
=
〈
Kβ,η(•, q), Sαy(ϕ)(•)
〉
A2,ωslice
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for every ϕ ∈ L2,αH (R+). Furthermore, we get easily
|Sαyϕ(q)|2 ≤
〈
Rαq(·, y), Rαq(·, y)
〉
L2,α
H
(R+)
‖ϕ‖2L2,α
H
(R+)
≤ Rα|q|2(y, y)‖ϕ‖2L2,α
H
(R+)
by means of Cauchy-Schwarz inequality and identity (3.5). This proves that the transform
Sαy is well defined on L
2,α
H (R
+). In addition, we have∫
BI
|Sαyϕ(q)|2ω(|q|2)dλI(q) ≤
(∫
BI
Rα|q|2(y, y)ω(|q|2)dλI(q)
)
‖ϕ‖2L2,α
H
(R+)
.
Accordingly, under the assumption that∫
BI
Rα|q|2(y, y)ω(|q|2)dudv < +∞; q = u + Iv, (3.6)
the transform Sαy is a bounded operator from L
2,α
H (R
+) into L2,ωH (BI). For y = 0, the
assumption that (3.6) reduces further to∫ 1
0
Rαt (0, 0)ω(t)dt =
1
2αΓ(α+ 1)
∫ 1
0
ω(t)
(1− t)α+1 dt (3.7)
be finite. The convergence of the integral in (3.7) readily holds when η > α + 1 for the
special case of ω(t) = ωβ,η(t) := tβ−1(1− t)η−1 with α > −1 and β, η > 0. The next result
extends this condition to includes y > 0.
Proposition 3.2. Let α > −1, β, η > 0 and y ≥ 0. It in addition η > α+ 1, then the integral
operator Sαy : L
2,α
H (R
+) −→ L2,ωβ,ηH (BI) is bounded.
Proof. Let denote the quantity in (3.6) by `β,ηα for ω = ωβ,η. Then, we have
`
β,η
α = pi
∫ 1
0
Rαt (y, y)ωβ,η(t)dt
= pi
∫ 1
0
tβ−1(1− t)η−α−2iα
(
2y
√
t
1− t
)
exp
(
− 2yt
1− t
)
dt
where iα(x) := (x/2)−α Iα(x) is nonnegative and bounded on R+ by some constant cα.
Thus, we have
`
β,η
α ≤ cα
∫ 1
0
tβ−1(1− t)η−α−2 exp
(
− 2yt
1− t
)
dt
≤ cα
∫ +∞
0
uβ−1(1+ u)α−β−η+1 exp (−2yu) du.
The last integral follows making the change of variable u = t/(1− t). It is clearly conver-
gent when η > α+ 1 and β > 0. 
The next result refines the boundedness condition of Sαy provided in the previous asser-
tion. It shows that η > α+ 1 can be relaxed. To this end, we distinguish two cases y = 0
and y > 0.
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Proposition 3.3. Let α > −1, β, η > 0 and y ≥ 0. Then, the integral operator Sαy : L2,αH (R+) −→
L
2,ωβ,η
H (BI) is bounded for any y > 0. The boundedness of S
α
y at y = 0 holds when η ≥ α.
Proof. Set
cα,β,ηn (y) := piγ
β,η
n |ϕαn(y)|2 = pi
Γ(η)Γ(β+ n)
Γ(β+ η + n)
|ϕαn(y)|2 .
Then, for every ϕ = ∑∞n=0 anϕ
α
n ∈ L2,αH (R+), we have ‖ϕ‖2L2,α
H
(R+)
= ∑∞n=0 |an|2 < +∞ and
by means of (4.1) we get∥∥∥Sαyϕ∥∥∥2
ωβ,η
≤ pi sup
n
(
γ
β,η
n |ϕαn(y)|2
) ∞
∑
n=0
|an|2 ≤ sup
n
(
cα,β,ηn (y)
)
‖ϕ‖2L2,α
H
(R+)
.
Subsequently, Sαy is bounded, as operator from L
2,α
H (R
+) into L
2,ωβ,η
H (BI), if supn
(
cα,β,ηn (y)
)
is finite. For the special case of y = 0 we have
cα,β,ηn (0) =
piΓ(η)
Γ2(α+ 1)
Γ(α+ n + 1)
Γ(n + 1)
Γ(β+ n)
Γ(β+ η + n)
∼ piΓ(η)
Γ2(α+ 1)
nα−η
for n large enough, and therefore, its supermum is finite if and only if η ≥ α. Thus, Sα0 is
bounded when η ≥ α.
For arbitrary fixed y > 0, there exists some positive constant Mα,η(y), depending only
in α, η and y, such that
cα,β,ηn (y) ≤ Mα,η(y)n−η−1/2 (3.8)
holds true for large n. This follows making use of the asymptotic behavior for gamma
function as well as the one for generalized Laguerre polynomials [9, p.245]
L(α)n (y) =
ex/2√
pix(2α+1)/4
n(2α−1)/4 cos
(
2
√
ny− pi2α+ 1
4
)
+O
(
n(2α−3)/4
)
. (3.9)
Therefore, the quantity supn(c
α,β,η
n (y)) is clearly finite if η ≥ −1/2 is assumed which is
satisfied since η > 0. 
4. THE NULL SPACE AND THE RANGE OF Sαy
Apparently, the description of the null space and the range of Sαy depends on the set
Z{L(α)n ; n} := ∪nZ(L(α)n ), where Z(L(α)n ) denotes the zero set of L(α)n .
Proposition 4.1. The null space of Sαy in L
2,α
H (R
+) is spanned by ϕαn with n ∈ Nαy = {n; L(α)n (y) 6=
0}, ker(Sαy) = span{ϕαn; n ∈ Nαy }.
Proof. It is clear that span{ϕαn; n ∈ Nαy } ⊂ ker(Sαy), since Sαyϕαn = 0 for any n ∈ Nαy .
Conversely, let ϕ ∈ ker(Sαy) = {ϕ ∈ L2,αH (R+); Sαy(ϕ) = 0} that we can expanded
as ϕ = ∑∞n=0 anϕ
α
n, since the Laguerre functions in (3.1) form an orthonormal basis of
L2,αH (R
+). Then, keeping in mind that Sαyϕn = ϕαn(y)en, we get Sαy(ϕ) = ∑
∞
n=0 anϕ
α
n(y)ϕαn
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and hence 0 =
〈
Sαy(ϕ), ek
〉
= piakϕαk (y)γk. Hence, ak = 0 for any k /∈ Nαy and therefore
ϕ = ∑n∈Nαy anϕ
α
n. Moreover, the dimension of ker(Sαy) is clearly given by dim(ker(Sαy)) =
card(Nαy ). 
Remark 4.2. We notice that dim(ker(Sαy)) depends in y and α and characterizes the number
(finite or infinite) of generalized Laguerre polynomials that have y as common zero. Thus, for y =
0, the set N0 is empty since L
(α)
n (0) 6= 0 for any nonnegative integer n, so that dim(ker(Sαy)) = 0.
By regarding the graphs of the generalized Laguerre polynomials we conjecture that card(Nαy ) (and
hence dim(ker(Sαy))) is finite.
The next result shows that the Hilbert space A2,ωslice shelters the range
c A2,ωslice := S
α
y(L
2,α
H (R
+))
of Sαy acting on L
2,α
H (R
+).
Proposition 4.3. Assume that (3.6) holds, then for every y ≥ 0 we have c A2,ωslice ⊂ A2,ωslice and
{en(q) = qn; n /∈ Nαy } defines a complete orthogonal system in c A2,ωslice.
Proof. Starting from Sαy(ϕ) = ∑
∞
n=0 anϕ
α
n(y)ϕαn for given ϕ ∈ L2,αH (R+) and using the fact
that 〈em, en〉ω = piγnδm,n, we get easily∥∥∥Sαyϕ∥∥∥2
ω
= pi
∞
∑
n=0
γn |ϕαn(y)an|2 < +∞ (4.1)
under the assumption that Sαy is bounded. Therefore,
Sαy(L
2,α
H (R
+)) ⊂
{
∞
∑
n=0
qncn; cn ∈H; q ∈ B,
∞
∑
n=0
γn|cn|2 < ∞
}
. (4.2)
The right hand-side in (4.2) is exactly the sequential characterization of the weighted hy-
perholomorphic Bergman space A2,ωslice discussed in the Section 2. 
Remark 4.4. If y is a positive zero of some Laguerre polynomial, then Nαy is not empty and the
corresponding monomials en; n ∈ Nαy , do not belong to c A2,ωslice. This shows that, in this case,
c A2,ωslice is strictly contained in A
2,ω
slice.
Remark 4.5. For y = 0, we have ϕαn(0) 6= 0 and then Nα0 is an empty set. Thus, we can
show that for ω = ωβ,η with β = 1 and η = α, we have c A
2,ω
slice = A
2,β,η
slice = A
2,α
slice and
hence Sα0 : L
2,α
H (R
+) −→ A2,β,ηslice is onto and is exactly the second Bargmann transform Aαslice in
(1.1) defining a unitary isometric transformation from L2,αH (R
+) onto the slice hyperholomorphic
Bergman space A2,αslice.
Remark 4.6. For the general case; the converse inclusion in (4.2) requires further assumption on
the weight function.
8 ALLAL GHANMI
5. COMPACTNESS AND MEMBERSHIP IN p-SCHATTEN CLASS
Proposition 5.1. The operator Sαy : L
2,α
H (R
+) −→ A2,β,ηslice is compact for any y > 0.
Proof. The compactness of Sαy ; y > 0, follows by appealing to the spectral theorem [5,
Theorem 4.3.5]. In fact, Sαy is bounded and can be expanded as
Sαyϕ =
∞
∑
n=0
sαn,y
en√
piγn
〈ϕ, ϕαn〉L2,α
H
(R+)
with (ϕαn)n and
(
en/
√
piγn
)
n are orthonormal bases of L
2,α
H (R
+) and A2,ωslice, respectively,
and sαn,y :=
√
piγnϕ
α
n(y) tends to 0 when the wight function ωβ,η is specified. This readily
follows making use of (3.9) thanks to (3.8) since
|sαn,y| =
√
cα,β,ηn (y).

The membership of Sαy in the p-Schatten class is a direct consequence of the next two
results. Recall for instance that a bounded operator S is said to be a Schatten operator of
class p for p ≥ 1 if its Schatten p-norm
‖S‖p := Tr(|S|p)1/p
is finite.
Lemma 5.2. The adjoint of Sαy is given by
(Sαy)
∗G(x) =
∫
BI
Kαq (x, y)G(q)(1− |q|2)α−1dλI(q). (5.1)
Proof. For every ϕ ∈ L2,αH (R+) and G ∈ A2,ωslice we have〈
Sαyϕ, G
〉
A2,ωslice
=
∞
∑
n=0
ϕαn(y)〈ϕ, ϕαn〉L2,α
H
(R+)〈en, G〉A2,ωslice =
〈
ϕ, (Sαy)
∗G
〉
L2,α
H
(R+)
.
This readily follows by applying Fubini’s theorem. Therefore, the adjoint of Sαy given by
(Sαy)
∗G(x) =
〈
∞
∑
n=0
ϕαn(y)ϕ
α
nen, G
〉
A2,ωslice
= 〈K(x, y|·), G〉A2,ωslice
which reduces further to (5.1) since K(x, y|q) is exactly the kernel function in (3.2). 
Proposition 5.3. If Sαy is bounded, then their singular values are given by
|sαn,y| = (piγn)1/2 |ϕαn(y)|. (5.2)
Proof. By Lemma 5.2, we have (Sαy)∗ek = piγkϕαk (y)ϕ
α
k , and therefore, the operator (S
α
y)
∗Sαz :
L2,αH (R
+) −→ L2,αH (R+) satisfies
(Sαy)
∗Sαz ϕαn = (Sαy)∗ (ϕαn(z)en) = piγnϕαn(y)ϕαn(z)ϕαn.
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This is to say that the Laguerre functions ϕαn in (3.1) constitute an orthogonal basis of L2-
eigenfunctions for (Sαy)∗Sαy with piγn(ϕαn(y))2 as corresponding eigenvalues. Therefore,
the eigenvalues of |(Sαy)∗| := ((Sαy)∗Sαy)1/2 are exactly those given through (5.2). 
Proposition 5.4. Let y > 0 and p > 4/(1+ 2η). Then, Sαy : L
2,α
H (R
+) −→ A2,β,ηslice is a Schatten
operator of class p.
Proof. The operator Sαy ; y > 0, is compact thanks to Proposition 5.1. To conclude we need
only to apply Proposition 5.3 keeping in mind (3.8) for large n. Thus, the singular values
sαn,y satisfy
|sαn,y| =
√
cα,β,ηn (y) = O(n−(2η+1)/4). (5.3)
Therefore, if (1+ 2η)p > 4, the the series ∑∞n=0 |sαn,y|p converges and therefore∥∥∥Sαy∥∥∥p := Tr(|Sαy |p)1/p =
(
∞
∑
n=0
|sαn,y|p
)1/p
< +∞.
The second equality follows since Sαy is compact from/into separable Hilbert spaces. 
Remark 5.5. For y = 0 and large n, we have
|sαn(0)| =
√
cα,β,ηn (0) ∼
√
piΓ(η)
Γ(α+ 1)
n(α−η)/2.
Subsequently, the transform Sα0 : L
2,α
H (R
+) −→ A2,β,ηslice is compact if and only if η > α, since in
this case lim
n→+∞ |s
α
n(0)| = 0. Moreover, it is in p-Schatten class if in addition p > 2/(η − α).
We conclude by providing the singular value decomposition of Sα0 . Thus, we consider
the mapping defined by Uαy (ϕαn) = 0 for n ∈ Nαy and
Uαy (ϕ
α
n) =
ϕαn(y)√
piγn|ϕαn(y)|
en
otherwise. We extend Uαy in a natural way to linear mapping on the whole L
2,α
H (R
+). By
means of ‖en‖2L2,ω
H
(BI)
= piγn, we get∥∥∥Uαy (ϕαn)∥∥∥L2,α
H
(R+)
=
∣∣∣∣ ϕαn(y)√piγn|ϕαn(y)|
∣∣∣∣ ‖en‖L2,ω
H
(BI)
= 1.
Then, we claim that the following assertions hold trues:
i) Uαy : L
2,α
H (R
+) −→ L2,ωH (BI) is a partial isometry.
ii) We have ker(Sαy) = ker(Uαy ) = span{en; n ∈ Nαy }.
Moreover, the singular value decomposition of the linear operator Sαy is given by
Sαy = U
α
y |Sαy |.
This readily follows by direct computation.
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